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Abstract 

We construct a supersymmetric model based on T' <S> Zj, <S> Z§ flavor symmetry. At the leading 
order, the charged lepton mass matrix is not diagonal, T' is broken completely, and the hierarchy 
in the charged lepton masses is generated naturally. Nearly tri-bimaximal mixing is predicted, 
subleading effects induce corrections of order A 2 , where A is the Cabibbo angle. Both the up quark 
and down quark mass matrices textures of the well-known U (2) flavor theory are produced at the 
leading order, realistic hierarchies in quark masses and CKM matrix elements are obtained. The 
vacuum alignment and subleading corrections are discussed in detail. 

PACS numbers: 11.30.Hv, 14.60.Pq, 12.15.Ff, 12.60.Jv 
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I. INTRODUCTION 



Experimental data on the quark and lepton masses and mixing provide important clues 
to the nature of new physics beyond the Standard Model(SM). However, in SM the Yukawa 
coupling constants which are responsible for the fermion masses and mixing, can be freely 
adjusted without disturbing the internal consistency of the theory, one must rely on exper- 
iments to fix their values. The origin of fermion mass hierarchies and flavor mixing is a 
longstanding puzzle in the SM of particle physics. 

Family symmetry is a fascinating idea to this issue. Current data strongly suggests that 
there should be a new symmetry that acts horizontally across the three standard model 
family[l|. Ideally, only the top quark Yukawa coupling is allowed by this symmetry, and all 
the remaining couplings are generated, as this symmetry is spontaneously broken down. In 
the original work of Froggatt and Nielsen, they suggested the continuous Abelian U(l) as the 
flavor symmetry, its spontaneous breaking produces the correct orders of quark mass hier- 
^M. ^ Cabibbo-Koba^-Ma^wa ,CKM) matn * ele^tsQ . Models with various 
horizontal symmetries gauged or global, continuous or discrete, Abelian or non-Abelian, 
have been proposed^. Recently, it is found that discrete group A is especially suit- 
able to derive the so-called tri-bimaximal(TB) mixing 41 in the lepton sector in a natural 
wayQ, S H, B la, Q, fl C 3, 14, 15, 3, 17, 3, 19, 20, 21]. The left-handed electroweak 
lepton doublets Uii = 1,2,3) transform as A triplet, the right-handed charged leptons e c , 
fi c and r c transform as 1, 1" and 1' respectively, and two triplets ipx and ips and a singlet 
£ are introduced to break the A symmetry spontaneously [ill]. If we adopt for quark the 
same classification scheme under A that we have used for leptons, an identity CKM mixing 
matrix is obtained at the leading order, which is a good first order approximation. The non 
leading corrections in the up and down quark sector almost exactly cancel in the mixing 
matrix. It seems very difficult to implement A as a family symmetry for both the quark 
and lepton sectors. 

Double tetrahedral group T' has three inequivalent irreducible doublet representations 
2, 2', 2" in addition to the triplet representation 3 and three singlet representations 1, 1', 
1" as A- Furthermore, the kronecker products of the triplet and singlet representations 
are identical to those of A- Therefore T 1 can reproduce the success of A model building 
in the lepton sector, and T' as a family symmetry for both quark and lepton has been 
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considered 
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28l | . In Ref. 23| a supersymmetric (SUSY) model with 



T' <S> Z3 <S> U(l) fn flavor symmetry is presented, which is identical to A4 in the lepton sector. 
While the quark doublet and the antiquarks of the third generations transforms as 1 under 
T', the other quark doublets and the antiquarks transforms as 2". TB mixing is derived 
naturally as in A4 model, whereas only the masses of the second and the third generation 
quarks and the mixing between them are generated at the leading order. The masses and 
mixing angles of the first generation quark are induced by higher dimensional operators. 
The authors built a model with T' <S> Z\% <8> Z\ 2 flavor symmetry in the context of SU(5) 
grand unification in Ref. 24J. Both the quarks and leptons are assumed to transform as 
2 © 1 under T' in Ref 26j. A renormalizable model with T' ® Z 2 ® Z' 2 ® Z' 2 ' flavor symmetry 



281 ]. where the flavor symmetry breaking scale is very low in the range 1 



is presented in Ref. 
GeV-10 GeV. 

The T" symmetry can replicate the success of A 4 model, and it allows the heavy third 
family to to be treated differently, therefore T' is a very promising flavor symmetry to 
understand the origin of fermion mass hierarchies and flavor mixing. In this work we shall 
build a SUSY model based on the T 1 ® Z% ® Zo, flavor symmetry, the transformation rules 
of li, e c , fi c and r c are the same as those in the A 4 model llj. In the quark sector, we 
exploit the singlet and doublet representation. The fermion mass hierarchies are generated 



via the spontaneous breaking of the discrete flavor symmetry in contrast with Ref. [111. [23]. 
The Yukawa matrices of the up and down quarks have the same textures as those in the 
well-known U(2) flavor theory 291] . The hierarchies in the masses of the known quarks and 
leptons, the realistic pattern of CKM matrix elements and the TB mixing are naturally 
produced. 

The paper is organized as follows. In section II we present the current experimental 
data and the parameterizations of fermion mass hierarchies and flavor mixing. A short 
review of model with U(2) flavor symmetry is given in section III; In section IV a model 
with T' (8> (g> Zq flavor symmetry is constructed, its basic features and predictions are 
discussed. We present the vacuum alignment and the subleading corrections to the leading 
order results in section V and section VI respectively. We summarize our results in section 
VII. Appendix A gives the basic properties of the T' group. The corrections to the vacuum 
alignment induced by higher dimensional operators are discussed in Appendix B. 
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II. CURRENT EXPERIMENTAL DATA ON FERMION MASS HIERARCHIES 
AND FLAVOR MIXING AND THEIR PARAMETERIZATIONS 



The observed fermion mass hierarchy is apparent in the quark sector. The masses of up 



type quarks are 



30] 



m u ~ 1.5 - 3MeV 
m c ~ 1.16 - 1.34GeV 

m t ~ 170.9.1 - 177.5GeV (1) 

and the masses of down type quarks are 

m d ~ 3 - 7MeV 
m s ~ 70 - 120MeV 

m b ~ 4.13-4.27GeV (2) 

We note that all the quark masses except the top quark mass are given in the MS scheme. 
The light u, d, s quark masses are estimates of so-called current quark mass at the scale 
about 2 GeV. There is some ambiguity in the measurement of the absolute quark masses 
since they are scheme dependent, but the ratios of the masses are more concrete 

m n 

— ~ 0.3-0.6 

m d 
m s 

— ~ 17- 22 

m d 

m d - m u 

The masses of the charged leptons have been measured much more unambiguously than the 
quark masses. The charged lepton sector is also seen to exhibit a large mass hierarchy. Their 



masses are measured to be 



30| 



m P ~ 0.511MeV 



m M ~ 105.7MeV 



m T ~ 1777MeV (4) 

The e, fi and r masses are the pole masses, and their mass hierarchy is similar to that in 
the down type quark sector. Including the renormalization group equation evolution, the 



fermion mass ratios at t 
A ~ 0.23 as follows 
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le GUT scale are parameterized in terms of the Cabibbo angle 
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A* 



m t 

m d 4 

~ A , 

m h 

m e 4 

~ A , 

m T 



m c 4 
~ A , 

m t 

m s 2 

~ A , 

m b 

~ A 



X 



m t 



(5) 



Recent precision measurements have greatly improved the knowl edg e of the CKM matrix 
the experimental constraints on the CKM mixing parameters are 30 ] 

I 0.97377 ± 0.00027 0.2257 ± 0.0021 (4.31 ± 0.30) x 10~ 3 N 

0.230 ± 0.011 0.957 ± 0.095 (41.6 ± 0.6) x 10~ 3 
y (7.4 ± 0.8) x lO- 3 (40.6 ± 2.7) x 10~ 3 > 0.78 at 95% CL j 
The hierarchy in the quark mixing angles is clearly presented in the Wolfenstein's parame- 
terization of the CKM matrix 30J. Considering the scaling factor associated with the renor- 



W< 



Exp 



CKM I 



(6) 



malization group evolution of the CKM mixing angles from the electroweak scale to the high 
scale, the magnitudes of the CKM matrix elements are given in powers of A as follows 



IK, 



A 



cb\ 



A 



td\ 



IK 



ub 



X 4 



(7) 



Observations in the neutrino sector currently provide the strongest indication for physics 
beyond the standard model. Including the new data released by the MINOS and KamLAND 
collaborations, the global fit of neutrino oscillation data at 2a indicates the following values 



for the lepton mixing angles 



34) 



0.28 < sin 2 fl 12 < 0.37, 



0.38 < sin 2 #23 < 0.63, sin 2 13 < 0.033 



and the best fit values are 



34] 



sin 2 6 



12 



0.32, 



sin 2 fl 



23 



0.50, 



sin 2 fl 



13 



0.007 



(8) 



(9) 



The current data within la is well approximated by the so-called TB mixing 

V 3 v/3 
Utk = 3_ J_ 



4] 



i 

V2 



(10) 



v 1 1 1 i 

which predicts sin 2 6 , i 2 ,tb = |, sin 2 ^ 2 3,tb = \ and sin 2 9is,tb = 0. 
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III. BRIEF REVIEW ON THE THEORY WITH U(2) FLAVOR SYMMETRY 



We shall briefly review the theory with U(2) flavor symmetry in the following, which 
has been described in detail in the literatures 29|] . The three generations of the matter 
fields are assigned to transform as 2 © 1, the sfermions of the first two generations are 
exactly degenerate in the limit of unbroken U(2). In the low energy, this degeneracy is 
lifted by the small symmetry breaking parameters which determine the light fermion Yukawa 
couplings, therefore the flavor changing neutral current (FCNC) and CP violating phenomena 
are sufficiently suppressed so that the corresponding experimental bounds are not violated. 
Three flavon fields a , S ab and A ab (a,b = 1,2) are introduced, where is a U(2) doublet, 
S and A are symmetric and antisymmetric tensors, and they are U(2) triplet and singlet 
respectively. The hierarchies in the fermion masses and mixing angles arise from the two 
step flavor symmetry breaking 



U(2) A U(l) A nothing 



(11) 



where both e and e' are small parameters with e > e'. Both <p a and S ah participate in the 
first stage of symmetry breaking U(2) A U(l) with = 0, {S 11 } = (S 12 ) = {S 21 } = 0, 
(0 2 ) = 0(e) and (S 22 ) = 0(e). The last stage of symmetry breaking is accomplished by A ab 
with (A 12 ) = — (A 21 ) = 0(e'). The different mass hierarchies in the up sector and the down 
sector can be understood by the combination of U(2) flavor symmetry and grand unified 



symmetries 



Ytj 



c 



291 ]. then the Yukawa matrices have the following textures 

f dp \ 

-e'p ep' x u e 

V y u e I ) 
1 e' 

-e' (l,±3)e (x d ,x e )e 

V (y d ,y e )e 1 



Yi 



D,E 



\ 



(12) 



where X{,yi = 0(1) and q (. The model with U(2) flavor symmetry successfully accounts 
for the quarks masses, the charged lepton masses and the CKM mixing angles, and the 
phenomenological constraints from FCNC and CP violation are satisfied. It has been shown 
that the flavor models based on X" symmetry could reproduce the Yukawa matrices in the 
U(2) flavor theory 351] . However, these models predicted the excluded small mixing angle 
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solution in the lepton sector. In the following we will use triplet representation in the lepton 
sector to derive the TB mixing naturally, singlet and doublet representations are exploited 
in the quark sector, the Yukawa matrices in U(2) model are generated at the leading order. 
Both the vacuum alignment and the next to leading order corrections are discussed, which 
are crucial to the flavor model building, however, these issues are omitted in Ref. 35]. 



IV. THE SUSY MODEL WITH T g> Z 3 ® Zg FLAVOR SYMMETRY 



In our scheme, the symmetry group is SU(3) C ® SU(2)l <8> U{l)y <g> Gf, where Gf is the 
global flavor symmetry group Gp = T'<g>Z 3 <g>Zg. The Z 3 symmetry is to guarantee the correct 
misalignment in flavor space between the neutrino masses and the charged lepton masses 



as in Ref. 
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231 ] . and Zg is crucial to obtain the realistic hierarchies in the fermion masses 
and mixing angles. In addition to the minimal supersymmtric standard model (MSSM) 
matter fields, we need to introduce the fields which are responsible for the flavor symmetry 
breaking, we refer to these fields as flavons which are gauge singlets. Both the MSSM fields 
and the flavon fields and their transformation properties under T' ® Z 3 <g> Zg are shown in 
Table [H where a and (3 are respectively the generators of Z 3 and Zg with a = exp[z27r/3] and 
= exp[«27r/9]. Note that although the flavons 8' and \ are not involved in the leading order 
Yukawa superpotential, they play an important role in the vacuum alignment mechanism. 



Fields 


i 


e c 




T C 


Ql 


U c 


D c 


Qs 


t c 


b c 




<PT 






4> 


6" 




A 


A 


X 


r 


3 


1 


1" 


r 


2' 


2 


2 


l" 


1' 


1' 


1 


3 


3 


i 


2' 


1" 


r 


1 


1 


1 




a 


a 2 


a 2 


a 2 


a 


a 2 


a 2 


a 


a 2 


a 2 


1 


1 


a 


a 


1 


1 


i 


1 


1 


1 


Zg 


1 


1 


p 6 


P 8 


/3 3 


P 3 


P 


1 


1 


P 7 


1 


P 


1 


1 


/3 6 








P 2 


P 4 


P 



TABLE I: The transformation rules of the MSSM fields and the fiavon fields under the flavor 
symmetry T 1 (g) Z% ® Zg. We denote Ql = (Qi,Q2) T , where Q\ = (ul,cIl) T and Q2 = (cl,sl) T are 
the electroweak SU(2)l doublets of the first two generations. U c = (u c ,c c ) T and D c = (d c ,s c ) T , 
Ql, U c and D c are T' doublets. Q3 = (tL,bL) T is the electroweak SU(2)l doublet of the third 
generation, Q3, t c and b c are T' singlets . The up type and down type Higgs transform as a singlet 
under the flavor group. 

As we shall demonstrate in section V, at the leading order, the scalar components of 
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the flavon supermultiplets (fx, fs etc. develop vacuum expectation values(VEV) along the 
following diractions 

(<pr) = (vt, 0, 0), (tp s ) = (v s , v 3 , v s ), (<p) = (vi, 0), 

(A)=« A , (A) = ma, (x)=u x (13) 

The electroweak symmetry is broken by the up and down type Higgs with (H Ujd ) = v Ujd - 
As we shall see in the following, in order to obtain the realistic pattern of charged fermion 
masses and mixing angles, these VEVs should be of the orders 







'a' ' 






,Ma, .MA, 


't' 


A 


1 A 1 


~ 1 A 1 " 


A A 



where A is the cut off scale of the theory, these relations imply that the VEVs of the T' 
triplets and doublet are required to be of order A 2 A, while the VEVs of the T' singlets 9, 9', 
A and A are of order A 3 A. Naturally and u x should be of the order A 2 A ~ A 3 A as well. 
The VEVs of required orders in Eq. (|T4j) can be achieved in a finite portion of the parameter 
space, which will be illustrated in the discussion of the vacuum alignment. 



A. The lepton sector 

The Yukawa interactions in the lepton sector are controlled by the superpotential 

w £ = w e + w u (15) 

where we have separated the contribution to the neutrino masses and the charged lepton 
masses, both w e and w u are invariant under the gauge group of the standard model and the 
flavor symmetry T' (g) Z 3 ® Z 9 . The leading order terms of the Yukawa superpotential w e are 



w e = y e e c (£<p T )A 2 H d /A 3 + h el e c (£<p s )(<p s <p s )H d /A 3 + h e2 e c {£ip s )'{ip s y s )" H d / A 3 
+h e3 e c (e<p s )"(¥>s¥>s)'H d /A 3 + /i e4 e c (^ 5 )£ 2 # d /A 3 + y^i^)' H d / A 2 + W c (^ T )'A# d /A 2 
+h lxlf i c (£ip T y(ip T i PT )H d /A 3 + h^ c ((£ip T )z s ^ T ip T )z s )' H d / A 3 + h^ c ((£ip T ) 3A (ip T ip T ) 3s yH d /A 3 
+h^ c (£if TlfT y x H d /A 3 + h^ c {i^ T )9'H d /A 3 + h^ c {i^ T )"9"H d /A 3 + h lll ^{^ T )' x 2 H d / A 3 
+h^ c (£cp T )'9'9"H d /A 3 + h^ c (£<f T ) X 9'H d /A 3 + h^ c (£<f T )9"9"H d /A 3 + h^ c {£^ T )" X 9" H d / A 3 
+K 12 ^{l VT )"9'9'H d /A 3 + y T T%^ T )"H d /A + ... (16) 



where dots stand for additional operators of order 1/A 3 , whose contributions to the charged 
lepton masses vanish at the leading order. The coefficients y e , h e i(i = 1,2,3,4), y^i, y^ 2 , 
h^i = 1 — 12) and y T are naturally 0(1) coupling constants. After the electroweak symmetry 
breaking and the flavor symmetry breaking, the charged lepton mass terms from w e are 



y e -j^-v d e c e + [3(/i el + h e2 + h e3 )-^ + h eA -j^-\v d e c {e + fi + r) 



A 2 



2, 

9 V 



A 2 
3 



V5" 



2u'qVt 
3A 3 



^9" 



u x u e v T 
A 3 



tig 2 V T v 



ufi 1u x v\ 
^A^ + ^^A 3 " 



V^ 1 + & 



A 3 



UqUqVt 



A 3 



}v d /j, c n 



2w> 2 
3A 3 



Vl A 3 



Kl2—^-)V d H T + y T — V d T T 



. UaVt i usv „ / i^c r / lie r 

u'ftVr V T /x 

+2//"— 77^/* C T + y Tl -V d T C T (17) 



/ 2 



where ^ = 3(/i e i + ^ e 2 + ^3) + /i e4 - 
and y MT = |/i m6 + ^ 
matrix is given by 



2 

S 



Vtx ~ + y^^p 21 , y^e 



3^5 + «/,9 — + ^10 77 



and y^ = |/i m6 + /i M u^ + ^12 • Therefore at the leading order, the charged lepton mass 



(18) 



/ U A V T , / "| / v s I V S \ 

Ve—f^ r?/eF ?/eF 2/eA3~ 

y^e y^3 ^2 ^3 

y T v -f t 

Note that the charged lepton mass matrix is no longer diagonal at the leading order in 



V 



contrast with Ref. 



11 



231 ] . Since the charged lepton masses receive contribution from the 



VEV of tfg, T' is completely broken already at the leading order. Whereas X" is broken 



down to Z3 at t 
operators in Ref. 



re leading order, then it is broken to nothing by the higher dimensional 
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23j. The mass matrix M e is diagonalized by a biunitary transformation 



VftM e V£ = diag(m e ,m^m T ), therefore V^M e W e V£ = diag( 
approximately is 



m 2 ,, m 2 , m 2 ) 



The matrix V£ 



'12 



'12 



1 



V 



1 



(19) 



where s? 



12 



- Vy. v'jA ■ 



\y',\ 2 \vs\ 6 
M 2 M 4 A 2 



and the charged lepton masses are approximately given 



by 



u\v T 



Therefore the mass ratios are estimated 



m. 



He U A 



y T A 2 y T v T A 2 





Ve V S 








Vt v t ^ 2 




Vt V T A 



(20) 



(21) 



From Eq. ffMl) and Eg. (1211) . we see that the realistic hierarchies among the charged lepton 
masses m T : m M : m e « 1 : A 2 : A 4 are produced naturally. For the neutrino sector, we have 



w, 



fat + M)(U)H U H U /A 2 + y s (ip s ££)H u H u /A 2 + ... 



(22) 



after the electroweak and flavor symmetry breaking, w u gives rise to the following mass 
terms for the neutrinos 



2 i 2 



U e U^ - V e V T 



Therefore at the leading order the neutrino mass matrix is 

lysf 2y,f - iy s A 

A A A 

M v is diagonalized by a unitary transformation V£ 



(23) 



\ 



- 2 Vq ^ 

3^ 5 A 



4„, _2£ 



A 



(24) 



V^M^ = diag(2y^ + 2y s |, 2y^, -2 % | + 2y 5 |)| 



(25) 



Where the diagonalization matrix V£ is the tri-bimaximal mixing matrix V£ = Utb, there- 
fore the Maki-Nakagawa-Sakata-Pontecorvo(MNSP) mixing matrix, at this order, is 

/ 



MNSP 



1 e e _J 1_ e e _J_ e e \ 

12 12 12 

- l_ /Ie e * _L I 3_e e * L. 

« + V 3 6 12 ^3 ^ v/3 6 l 2 



V 



1 



1 



V~2 

73 y 



(26) 



We see that the MNSP matrix deviates from the TB mixing pattern due to the corrections 
from the charged lepton sector, in particular, (VMNSp)e3 is no longer identically zero 



MNSPje3| 



tan 2 9 



23 



tan 2 9 12 



V2 l 

1 

1 



'12 



/ 2 



y/2 y„ vfA 
3 \y^e u'qVt 



We 


2 


\vs 


6 


W\vi\ A A 2 



4 



yT 



\ v s\ 



y„ vfA y„ v(A 



l^| 2 M 4 A 2 



(27) 
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From Eq. (fT4j) . we learn that s\ 2 is of order A 3 , therefore at leading order the MNSP matrix 
is very close to the TB mixing matrix, and the corrections from the charged lepton sector 
are very small. 



B. The quark sector 



The Yukawa interactions in the quark sector are 



w q = w u + w d 



(28) 



For the up quark sector, we have 

w u = y ul (<p T Q L U c )AH u /A 2 + y u2 ((Q 1^)3(^)3)^/ 'A 2 + y u3 (Q L U c )'6"AH u /A 2 

+y U 4(Q L <P)"t c H u /A + y u5 Q 3 (U c <P)'H u /A + y t Q 3 t c H u + ... (29) 

In the down quark sector, we obtain 

w d = y dl (<p T Q L D c )AH d /A 2 + y d2 (Q L D c )'6" AH d /A 2 + y d3 (Q L <f))"b c AH d /A 2 

+y d MD c ct>)'AH d /A 2 + y bl Q 3 b c AH d /A + y b2 Q3b%<p T¥ > T )h d /A 2 + y h3 Q 3 b c X 2 h d /A 2 
+y bi Q 3 b c 6'6"/A 2 ... (30) 

After electroweak and flavor symmetry breaking, we have the quark mass terms 



u A v T 
~~A 2 



w q = yui^-vucc +iy U 2—VuCc +y U 3^^-v u (uc - cu ) + y uA —v u ct +y u5 —v u tc 

U A V T r , UgU A ,j_ c _ JfiN , U A Vi ir , U A Vl 



u e u A 



; A 2 



A 2 



Vl 

a' 



a' 



+Vtv u tt +ydi—^-v d ss +y d 2—^ 2 —v d {ds - sd ) + y d3 —^-v d sb + y M —^ 2 —v d bs c 
+y b ^-v d bb c (31) 

/y2 ^2 

where y b = y bl + yb2^fx + ^ b3; u^A + 2/ 64 ^Ta' anc ^ ^ ne resu hing quark mass matrices are 







n' fl 'MA 
~£/u3 A 2 







2/lt3 ^2 





-y d 2^ 

Vd2 yd- 1 A 2 y rf4 "A 2 "" 

\ U ydS—fiT- Vb— J 



^2 yu£> a 



(32) 
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We see that both M u and M d have the same textures as those in the U(2) flavor model [29 1. 
From the Appendix A, we see that under the T' generator T, the quark fields transform 



as Qi — > Qx, Q 2 (Q3,u c ,d c 



T 



uo 2 Q 2 (Q 3 ,u c ,d c ) and c c (t c ,s c ,b c 



uc c (t c , s c ,b c ). Con- 



sequently, if the vacuum expectation value of 8" vanishes, the above mass matrices are the 
most general ones invariant under the subgroup Z 3 generated by the generator T. In this 



work, u'q further breaks Z 3 to nothing. Diagonalizing the quark mass matrices in Eq.(l32 



using the standard perturbation technique 



361,0; we obtain the quark masses as follows 

"2„,2 



m u ps 




- y U iy U b)vlK 2 


m c ps 


{Wu2 ~ 


Vt A 2 


m t ps 


VtV u \ 






m d ps 


y 2 d2 ufu A ^ 

VdlVT^ 2 




m s ps 


u a vt 

Vdl A2 V d 




rrib ps 









and the CKM matrix elements are estimated as 



(33) 



Vud 

v* 



V 



cb 



-v cd 

-V u t 



tb ~ -L 
Vd2 Uq 

Vdi v T {iy U 2Ut 

( Vd3 _ VvA v Vl 



y u mu e u A 



v: h * 



Vb 
VuiVt 



Vd3 



Vt 



td 



Wu2Vt 

Vd2,yd3 

Vdi Vb 



VvA^UqUa 

Vt 



Vd2VdA UqUavI 



UuiUub Vb Vt v x A \y b \ 
Vui.u'eVi yd2V d \u" e ut,v\ 



u A A 2 



(34) 



y t v T A \y b \ 2 m a A 2 

From Eq. (1141) and Eq. fl33l) . we see that the correct quark mass hierarchies are reproduced 
m t : m c : m u ~ 1 : A 4 : A 8 , m b : m s : m d ~ 1 : A 2 : A 4 and m t : m?, ~ 1 : A 3 . Moreover, 
Eq. (l20l) and Eq. (l33l imply that the tau lepton and bottom quark masses are respectively of 
the order A 2 and A 3 . Since b — r unification mj ~ m T is usually predicted in many unification 
models, we expect to achieve b—r unification in GUT model with T' flavor symmetry as well, 
without changing drastically the successful predictions for flavor mixings and fermion mass 
hierarchies presented here [3 81] . In our model tan/3 = v u /v d is of order one, the hierarchy 
between the top quark and bottom quark masses is due to the flavor symmetry breaking 
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pattern. However, in Ref. [23j the large mass difference between the top and bottom quark is 
due to large tan (3, consequently there are large radiative corrections to the quark masses and 
the CKM matrix elements, which may significantly alter the low energy predictions of quark 
masses and CKM matrix. From Eq. (|14p and Eq. (1341) . we learn that the correct hierarchy of 
the CKM matrix elements in Eq. ([7]) is generated as well. Two interesting relations between 
the quark masses and mixing angles are predicted 



v td 




v ub 




V ts 


V m s 







(35) 

The above relations are also predicted in U(2) flavor theory. The first relation is satisfied 
within the large theoretical errors of both sides, and the second relation is not so well fulfilled 
as the first one. Both relations will be corrected by the next to leading order operators. 

V. VACUUM ALIGNMENT 

In section IV we have demonstrated that the realistic pattern of fermion masses and flavor 
mixing are generated, if T 1 is broken along the directions shown in Eq. (1131) . in the following 
we will illustrate that the VEVs in Eq. (Tl3|) is really a local minimum of the scalar potential of 
the model in a finite portion of the parameter space. Using the technique in Ref. Ill, [l6|, |23| , 
a global continuous U(1)r symmetry is exploited to simplify the vacuum alignment problem, 
and this symmetry is broken to the discrete R-parity once we include the gaugino masses 
in the model. The Yukawa superpotentials wg and w q in Eq.( fT5"l) and Eq.( [28l) are invariant 
under the U(1)r symmetry, if +1 R-charge is assigned to the matter fields (i.e. the lepton 
and quark superfields) , and R-charge to the Higgs and flavon supermultiplets. Since the 
superpotential must have +2 R-charge, we should introduce some driving fields which carry 
+2 R-charge in order to avoid the spontaneous breaking of the U (1)r symmetry, consequently 
the driving fields enter linearly into the terms of the superpotential. The driving fields and 
and their transformation properties under T' <g> Z 3 <g> Z 9 are shown in Table [Til 

At the leading order, the superpotential depending on the driving fields, which is invariant 
under all the symmetry of the model, is given by 

w v = <?i(<^#) + g 2 (<p$(p T )A + gz{<t> R <t>)x + 9i{VT<t> R <t>) + flsxV + tfexW 
+97X R {<Pt<Pt) + gse" R 6" 2 + g 9 9" R 6' x + <7i O 0" H (¥W)' + M A A R A + 9ll A R x 2 
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Fields 






e 




ff,R 




A R 


x R 


T 


3 


3 


i 


2" 


1" 


1 


1 


1 




1 


a 


a 


1 


1 


1 


1 


1 


z$ 


/? 6 


1 


1 


/3 2 


/3 7 


/? 7 


/3 5 


P 7 



TABLE II: The driving fields and their transformation rules under T' (8> Z3 <8> Zq 

+g 12 A R 6'e" + g 13 A R (ip T ip T ) + M A A R A + g u A R A 2 + gvi (<p§<ps<ps) + 9i*{<PsVs)i 
+9ni R {Vsfs) + ^?i8^e 2 + ^w^l + ^2oC B f (36) 

Since there is no distinction between £ and £, we define £ as the field that couples to (<p R (fs) 



in the superpotential w v as in Ref . [1 11. 123| . and £ is necessary to achieve the correct vacuum 
alignment. Similarly the quantum numbers of A R and \ R are exactly identical, we define 
A R as the one which couples to A. 



From the superpotential w v in Eq. fl36|) . we can derive the scalar potential of this model 

V = T,\^ L \ 2 + V soft (37) 

i % 

where Si denotes the scalar component of the superfields involved in the model, and V so jt 
includes all possible SUSY soft terms for the scalar fields Si, and it is invariant under the 
T' <g> Z 3 (g) Zg flavor symmetry. 

V m ft = T i m%.\S i \ 2 + ... (38) 

i 

where m|. is the soft mass, and dots stand for other soft SUSY breaking bilinear and 
trilinear operators. By choosing positive soft mass m 2 s . for the driving fields, all the driving 
fields don't acquire VEVs. Since the superpotential w v is linear in the driving fields, in 
the SUSY limit all the derivatives with respect to the scalar components of the superfields 
not charged under U(1)r symmetry vanish. Therefore in discussing the minimization of the 
scalar potential, we have to take into account only the derivatives with respect to the scalar 
components of the driving fields, then we have 
dw v 2 

— — = + g 2 if T iA = 

0(f T1 

Ow 

-5— r- = (1 - %10102 + 92VT3A = 

14 



dlUy 

dw v 



dw v 



2 + 92<fT2^ = 

-g^ix + g'iivTifa + (i + i)^>T2^2) = o 



dw v 
dw v 



' 2 + fi^'x + 0ioOPt3 + 2</>n^T2) = 
M A A + # 14 A 2 = 



OA 

dw v 2 2 ~ 



Mi 3 ; 



9tt)„ 2 



^f 2 3' 
<9u>„ 2 



dl PS3 



gWVsa - <Psi<PS2) + gw¥s2t, = 

9vr(iPsi + 2^52^53) + S'is^' 2 + S'iqCI + fi^of 2 = (39) 



where <7 4 = h^g*, hereafter we simply denote g' A with g 4 if there is no confusion. These sets 
of equations admit the solutions 



(x) = « 



A 



Un = - 



{ghi + glgs) 2 g% 



gighv 



1/3 



{g\gi + glgh)g$ 



9fae9a 



1/3 



u x 



1 a v gl{gig\2 - gegn) + gfcigsgw - gmi) u x 

/AX - [93(^12 - ffeffis) + g\{g?>g\2 - g%gw)fg\± u x 
{ ) ~ UA ~ giii mPa 

(0) = ( Vl ,0), Vl = (^3bi(^12 ~ gggia) + 4ito2 - ^ll)]y/2 M - 1/2tf 3 /2 

* Hi (1 a Oa ' 



919*96 



((p T ) = (vt,0,Q), v t = —u x 

94 

(i) = 
(£> = h 



(<-Ps) = (v s ,v s ,v s ), v s =(- 1 ue (40) 

v Ag\i' 
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where both and u x are undetermined, by choosing m| and m x to be negative, and u x 
would take non-zero values. From Eq. (l40p . we see that the correct vacuum alignment shown 
in Eq. (1131) is realized. As for the values of the VEVs, we can choose the parameters in the 
superpotential w v so that the required orders of the VEVs in Eq.(Tj3]) can be achieved. 

VI. CORRECTIONS TO THE LEADING ORDER PREDICTIONS FOR THE 
FERMION MASSES AND FLAVOR MIXING 

In the previous section, we have shown that realistic fermion mass hierarchies and flavor 
mixing are successfully produced at the leading order in our model. However, the leading 
order results would receive corrections from the higher dimensional operators consistent 
with the symmetry of the model, which are suppressed by additional powers of A. We will 
study these terms and analyze their physical effects case by case. The next to leading order 
corrections can be classified into two groups: the first class of corrections are induced by 
the higher dimensional operators present in the superpotential w v , which can change the 
vacuum alignment in Eq. ffT3l) . therefore the leading order mass matrices are modified. The 
second are induced by the higher dimensional operators in the Yukawa superpotentials W£ 
and w q , which could modify the Yukawa couplings after the electroweak and flavor symmetry 
breaking . 

A. Higher dimensional operators in the flavon superpotential and the corrections 
to the vacuum alignment 

If we include the next to leading order operators in the flavon superpotential w v , the 
vacuum alignment in Eq. (fl~3]) would be modified, and the higher order corrections to the 
vacuum alignment are discussed in detail in the Appendix B. The corrections result in a 
shift in the VEVs of the scalar fields, and therefore the new vacuum configuration is given 



by 




(41) 
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In the Appendix B, we show that the corrections 5vt2, 8vt3, Svi, Sv2, 5u' g , 5u' e ' and Sua 
arise at order 1/A. 5vtx and 5ua are of order 1/A 2 , and the corrections 5vsi, Svs2, Svs3 
and 8u£ are suppressed by 1/A 3 , which are small enough and can be negligible. Note that 
there should also be corrections to the VEVs of £ and \i but we do not have to indicate this 
explicitly by the addition of terms 5u^ and 8u x , since both and u x are undetermined at 
the leading order. 

Repeating the calculations in section IV and substituting the modified vacuum into the 
Yukawa superpotentials wi and w q , we can obtain the new vacuum corrections to the fermion 
mass matrices as follows 



/ „, u \& v ti+2u&5u^v t 



SMI 



A 3 
u A 8v T2 

y^2 ^2 



V 



dV 



u\5v T3 
lie pz 

5v T 2 
!Jt a 



Ve 



A 3 



\ 



yr A 



5M" 



8M? 



5M* 



3 y5 A 

b yui ^2 
5u[ 

\ yd3 A 2 



3 ys A 

3y s A 
a 



3 ys A 

a 

3ys A 



5* 

A 



Sui 



yu5 ^ ^ 

yu5~\~ 



Ml p VdA p 



uaSvx+Suavi 

yd3 p 



y b Sj t 



Vd 



where 5e\, 5e'±, 5u\, 5u[, 8d\ and Sd^ are given by 

1 



8u\ 
5u[ 
5di 
Sd[ 



2 

1 - z 
2 

1 -i 
2 

1 - z 



i uaSvt3 

-y u v 



VdX 



-ydv 



A 2 
u A 5v T3 

A 2 
A 2 

Ua$V T 3 



V\SV2 Su'qUa + u'qSua 
Wu2— 2 2/«3 

Wl5f 2 Su'nllA + Un5uA 



Wu2 
~Vd2 
+ yd2 



^2 1 ^" 3 " 

Su'qUa + u'q5ua 
A 2 

Su'gUA + UqSua 



A 2 



(42) 



(43) 



(44) 



(45) 



2 — A 2 A 2 

As for 5Mf , we have neglected the corrections induced by 5vsi(i = 1, 2, 3) and 5u^, since they 
are of higher order 1/A 3 and can be negligible comparing with the corrections proportional 
to 5vTi(i = 1,2,3) and 5ua- Eq. (|4"3~]) implies that the corrections to the neutrino mass 
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matrix are suppressed by additional power of 1/A 3 relative to the leading order results. 
Concerning the quark sector, the correction terms y U 3 — ua ^<> 5ua ; y d2 Su0UA ^ e5uA and yb^~ 
can be absorbed by the redefinition of y u s, yd2 and y^ respectively. 

B. Corrections induced by higher dimensional operators in the Yukawa superpo- 
tential 

1. Corrections to we 

The leading order operators relevant to e c are of order 1/A 3 , which are shown in 
Eq. (1161) . at the next order 1/A 4 there are two operators 

e c (£ip T )A 2 AH d /A\ e c (£00)AA# d /A 4 (46) 

Because (4>(f>)3 = (z^f,^ 2 ,, (1 — i)4>i(j)2), its VEV is parallel to that of ip?. Therefore 
both operators have the same structure as the leading operator e c (£ipT)A 2 H c i/A 3 , their 
effects can be absorbed by the redefinition of y e . Concerning the [i c relevant terms 
in the leading order Yukawa superpotential in Eq. (fT6|) . they comprise both terms of 
order 1/A 2 and terms of order 1/A 3 . The subleading operators invariant under the 
symmetry of the model arise at order 1/A 5 , and their contributions are completely 
negligible relative to the corrections from the modified vacuum configuration. The 
leading operator of the r c relevant term is of order 1/A, and the next to leading order 
corrections are of order 1/A 4 , therefore their contributions can be neglected comparing 
with the corrections from the new vacuum. 

The same arguments used for the charged lepton mass are applicable to the neutrino 
sector as well. The leading operators contributing to M u are of order 1/A 2 from 
Eq. (1221) , and the leading order results receive corrections from higher dimensional op- 
erators of order 1/A 5 at the next to leading order. Therefore, the charged lepton mass 
matrix mainly receives corrections from the modified vacuum configuration. Whereas, 
the corrections to the neutrino mass matrix from the next to leading order operators 
in both w v and w u are negligible, and T' is approximately broken to Z 4 subgroup in 
the neutrino sector, even if higher order corrections are included. 

2. Corrections to w„ 
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As is shown in Eq. (l29|) . the leading operators, which give rise to the MJ\, M" 2 , M%i 
and M^, are of order 1/A 2 . At the next order 1/A 3 , there are two operators whose 
contributions can not be absorbed by parameter redefinition 

xMQlU%(<Pt<Pt)3s)'9"HJA. 3 , x u2 ((Q l U%( VtVt ) 3s )"6'H u /A 3 (47) 

The leading operators contributing to M" 3 , M^, M 3l and M% 2 are of order 1/A from 
Eq. (1291) . and the next to leading order corrections arise at order 1/A 4 . These con- 
tributions are negligible relative to the corrections induced by the modified vacuum, 
which is shown in Eq.(44). The corrections to M33 can be absorbed by redefining 
the parameter y t . As a result, the higher dimensional operators corrections to the up 
quark mass matrix are 



5M% 



3 • l/ u2 ^3 3 -"ill \3 u 

izi r u e v r n n 

3 J -'u\ y\3 W U 

^ J 



(48) 



3. Corrections to w d 

Concerning the Mf 1: M^M^y and M$ 2 relevant operators, the leading terms are of 
order 1/A 2 , which are shown in Eq. fl30|) . and there are three operators at the order 
1/A 3 

(p T Q L D c )A 2 H d /A 3 , ((Q L D%{<f><t>) 3 )AH d /A 3 , (Q L D c )'9"A 2 H d / A 3 (49) 

After electroweak and flavor symmetry breaking, the above operators have the same 
structures as the leading ones, and their contributions can be absorbed by redefinition 
of ydi and y d2 - Nontrivial higher dimensional operators arise at the order 1/A 4 , their 
contributions are negligible comparing with the corrections from the modified vacuum, 
which is shown in Eq.(45). Similarly the next to leading operators contributing to Mf 3 , 
M23, M31 and M32 are of order 1/A 3 , and only two operators remain after symmetry 
breaking and parameter redefinition 

x dl {^ T Q L( j ) )b c e"H d /K\ x d2 Q 3 ( VT D c <f))"e"H d /A 3 (50) 

Therefore the corrections to the down quark mass matrix from the higher dimensional 
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operators are 



mi 








ix d <^\ 



u'vivj- „ 








Vd 



(51) 



C. Fermion masses and flavor mixing including the next to leading order correc- 
tions 



1. Lepton masses and MNSP matrix 

Combining the leading order predictions Eq. (1181) for the charged lepton mass matrix 
with the subleading corrections in Eq. fH2|) . we obtain that the charged lepton mass 
matrix is modified as 



u 'a v T i / vj , / Vi 

5e> 2 



A 3 



V 



where 



5ei 



5e' 



5v T2 
IJr A 



v 1 Sv 2 



A 2 



u/s.5v' 
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5e 9 



v ^ 



"„,2 



(52) 



A 2 



T A 3 



y^2- 



T2 



'„,2 



y^ie' 



UnV, 



A 3 



A 2 

we have set vt + 5vti — > vt, fi +5v\ —> Vi and u& + 5ua — * «a- In the neutrino sector, 
since the corrections from the new vacuum and the higher dimensional operators in 
the the Yukawa superpotential w v are of order 1/A 5 , as are shown in the previous 
subsections, these contributions are negligible. Therefore the neutrino mass matrix is 
approximately not affected by the subleading operators. Performing the same proce- 
dure as that in section IV, we see that both the charged lepton masses and the neutrino 
masses approximately are not modified by the next to leading order operators, and 
the MNSP matrix becomes 

/ _ l~2 I 1 fo'T3 4 1_ fo'T3 1_ &4 3 \ 

3 V T 



Vmnsp 
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1 Sv* 
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1 8vt2 
y/2 v T 



(53) 
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therefore 
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4V 
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J T3 
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(54) 



We see 5vt2/vt ~ A 2 and 8vtz/vt ~ A 2 from the Appendix B, therefore the deviations 
of the mixing angles from the TB mixing predictions are of order A 2 , which are allowed 
by the current neutrino oscillation data in Eq.(jHJ). 

2. Quark masses and CKM matrix 

Including the corrections 8Mf and SMf(i = 1, 2) induced by the new vacuum and 
the higher dimensional operators in the Yukawa superpotential w q , the up quark and 
down quark mass matrices becomes 



/ u&8v T2 j_ 2i u 'g v T 
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~Vu3 \2 
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where 5u 2 = ^y u i UA ^2 T3 ~ iy U 2 m p^ + ^Xui^jjr, and we have set v T + ov T1 -> v T , 
v\ + 8v\ — > vi, ua + Sua — > «a and ua + Sua — > wa- Diagonalizing the above mass 
matrices perturbatively, we obtain the quark masses as follows 
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(55) 
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and the CKM matrix elements are approximately given by 



V. 



ud ~ V cs mVfbfxl 

Ud2 u'g 1-i Sv T3 Sv 2 VvaVtu'eUA 



us ■ ~ " cd 



y dl v T 2 v T vx (iy U 2yt - VvaVu^I 

Vd3 VvA \ Vi 



v; b » -v u « — - — f 

Vb Vt A 
%22/t - l/«4l/n5 2/6 2/t 2/6 ^aA 

t r Vd2,Vd3 VvAsUgVl ,Vd3 2/u4w^2 , l-iUl^ T 3x .Xdl^i«r,^ 

Vm " w^ m ~ T?—^ + ~ T? { - + —-^a } - (56) 

Because fo^/A, 5vt3/A and Sv 2 /A are of order A 4 from the Appendix B, to get the 
appropriate magnitude of the up quark mass, we assume that the couplings y u \ and 
x u2 are smaller than one by a factor of A, i.e. y u \ ~ x u2 ~ A. From Eq. fTHl) . Eq.(155]) 
and Eq. (1561) . we see that the realistic hierarchies in quark masses and CKM matrix 
elements are generated, and the relations between quark masses and mixing angles in 
Eq. (1351) are no longer satisfied after including the subleading contributions. It is very 
likely that the higher order contributions would improve the agreement between the 
model predictions and the experimental data. 

VII. SUMMARY AND DISCUSSION 

T' is a promising discrete group for a unified description of both quark and lepton mass 
hierarchies and flavor mixing. T' can reproduce the success of A4 model building, and T' has 
advantage over A4 in extension to the quark sector because it has doublet representations in 
addition to singlet representations and triplet representation. We have built a SUSY model 
based on T' ® Z3 <S> Zg flavor symmetry, where the fermion mass hierarchies arise from the 
flavor symmetry breaking which is crucial in producing the flavor mixing as well. 

In the lepton sector, the left handed electroweak lepton doublets = 1,2,3) are T' 
triplet, and the right handed charged leptons e c , fi c and r c transform as 1, 1" and V 
respectively. The charged lepton mass matrix is no longer diagonal at the leading order, and 
T' is broken completely in the charged lepton sector. However, it is broken down to the Z 3 



subgroup generated by the element T in model Uj and in the T' model of Ref. 23|] at the 
leading order, then it is further broken to nothing by the subleading operators. The MNSP 
matrix is predicted to be nearly TB mixing matrix at the leading order, and the deviations 
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due to the contributions of the charged lepton sector are of order A 3 and are negligible. In 
the neutrino sector, T' is broken down to the Z4 subgroup generated by the element TST 2 at 
the leading order as Ref. 23|. The higher order corrections to the neutrino mass matrix are 
strongly suppressed, consequently the Z 4 symmetry almost remains. Considering the next 
to leading order operators in the Yukawa superpotential wi and the flavon superpotential 
w v , then the mixing angles are predicted to deviate from the TB mixing predictions by terms 
of order A 2 , which are in the interval indicated by the experimental data at the 3a level. 

In the quark sector, doublet representation are exploited. The first two generations 
transform as doublet (2 or 2'), and the third generation is T' singlet (1' or 1"). At the 
leading order, both the up and down quark Yukawa matrices textures in U(2) flavor theory 
are produced, and the correct hierarchies in quark masses and mixing angles are obtained. 
T' is completely broken at the leading order, this is in contrast with Ref. 23j, where the 
T 1 flavor symmetry is broken down to Z 3 at the leading order and is further broken to 
nothing by the next to leading order contributions. After including the corrections induced 
by the next to leading order operators, the correct orders of quark masses and CKM matrix 
elements at the leading order remain except the up quark mass, we need to mildly fine-tune 
the coupling coefficients y u \ and x U 2 to be smaller than one by a factor of A. 

The vacuum alignment and the higher order corrections are discussed in details. We have 
shown that the scalar potential in the model presents the correct T' breaking alignment 
in a finite portion of the parameter space, which plays an important role in producing the 
realistic fermion mass hierarchies and flavor mixing. The VEVs should be of the orders 
shown in Eq. fll4j) . the minor hierarchy in the VEVs can be achieved by moderately fine- 
tuning the parameters in w v . The origin of this hierarchies may be qualitatively understood 



in the grand unification models[38|, in which b — t unification may be predicted as well. 
The higher order corrections are due to the higher dimensional operators which modify the 
Yukawa couplings and the the vacuum alignment, and they don't spoil the leading order 
predictions. 



Our model is different from the model in Ref. |23( mainly in the following three aspects: 

1. We have introduced the auxiliary discrete symmetry Z$ instead of continuous U(1)fn, 
both the fermion mass hierarchies and flavor mixing arise from the spontaneous break- 
ing of the flavor symmetry, whereas a continuous abelian flavor symmetry U{1)fn is 



introduced to describe the fermion mass hierarchies in Ref. 
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23| 



2. There are large differences between the two models in the quark sector, at the leading 
order, the favorable Yukawa matrix textures of the U(2) flavor theory are obtained, 
and the realistic quark mass hierarchies and CKM matrix elements are produced in 
our model. However, in the model in Ref. 23J, only the masses of the second and 
third generation quarks and the mixing between them are generated at the leading 
order, the masses and mixing angles of the first generation quarks are produced via 
subleading effects induced by the higher dimensional operators. 

3. The large mass hierarchy between the top quark and the bottom quark arises from 
the flavor symmetry breaking, and tan (3 = v u /vd is of order one in our model. Never- 



theless, this hierarchy is due to large tan (3 in Ref. [23[ , therefore the quark masses and 
mixing angles may receive large radiative corrections, and the successful predictions 
in Ref. 



could be destroyed at low energy. 



We would like to stress that the origin of all the above differences is due to the different 
flavor symmetry ( discrete Z 9 instead of continuous U{1)fn ), different charge assignments 
and different flavor symmetry breaking patterns. 

As most flavor models, there are a large number of operators with dimensionless order one 
coefficients in front of them, However, experimental tests of this model is not impossible 38 



Since quarks and leptons have their superpartners in SUSY, the flavor symmetry would 
affect mass matrices of squarks and sleptons as well, and specific pattern of sfermion masses 
would be predicted, which could be tested by measuring squark and slepton masses in future 
experiments. Moreover, the squarks and sleptons mass matrices are severely constrained by 
the experiments of flavor changing neutral current (FCNC) processes, and the off-diagonal 
elements of sfermion mass matrices must be suppressed in the super-CKM basis. Hence 
searching for FCNC and CP violating phenomena such as lepton flavor violation fi — > e-y 
and fi — e conversion in atom, electric dipole moments of the electron and neutron, and 
B — B mixing etc are also possible tests of the model. Moreover, we should check whether 



there is some accidental 
above FCNC processes 



continuous symmetry in the scalar potential, which could affect the 
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40] . In addition the cosmological consequences of the T' flavor 



symmetry and its spontaneous broken deserve studying further [411] . 

The Yukawa superpotential consists of non-renormalizable interactions except the top 
quark relevant term in the model, and a lot of non-renormalizable operators are involved in 
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the higher order corrections. These non-renormalizable interactions may be generated from 
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Searching for the origin 



a renormalizable theory by integrating out some heavy fields 
of these non-renormalizable interactions is a challenging and interesting question, then the 
free parameters of the model would be drastically reduced, and the model become more 
predictive. 
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APPENDIX A: BASIC PROPERTIES OF THE DISCRETE GROUP V 



The group T' is denoted as 24/13 in the Thomas- Wood classification 39j , and it is iso- 
morphic to the group ST^i^) {22), 25], which consists of 2 x 2 unimodular matrices whose 
elements are added and multiplied as integers modulo 3. T' is the double cover of which 
is the even permutation of 4 objects, and the order of T' is 24. Geometrically, T' is proper 
rotations leaving a regular tetrahedron invariant in the SU(2) space. T' can be generated 
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39| 



by two generators S and T with the multiplication rules 

S 4 = T 3 = 1, TS 2 = S 2 T, ST^S = TST 



(Al) 



The 24 elements can be written in the form x l S m T n , where I = 0, ±1, and if m = or 2 
then n — 0, while if m = ±1 then n = 0, ±1. 

The character table, the explicit matrix representations and the Clebsch-Gordan coef- 
ficients of T' have already been calculated 35| , which are reformulated in Ref . 23( . T 1 has 
seven inequivalent irreducible representations: three singlet representations 1° and l*, three 
doublet representations 2° and 2 ± , and one triplet representation 3. The triality superscript 
can describe the multiplication rules of these representations concisely. We identify ± as 
±1, trialities add under addition modulo three, and the multiplication rules are as follows 

V <g> V = , V ® 2 j = 2 j <g) V = 2 i+j (with i,j = 0, ±1) 
T <g> 3 = 3 <g> V = 3 , 2 l ® 2 J = 3 © 
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3 = 3 ® 2 % 



2" , 3 ® 3 = 3c 



(A2) 



where the triality notations are related the usually used notations 1, 1', 1", 2, 2' and 2" 
[!, Isl, H, S <], Q, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22 



23jby the relations 1° 



1 + = 1', 1~ = 1" and similarly for the doublet representations. The representations V and 
1" are complex conjugated to each other, and the same for the 2' and 2" representations. 
Since T' is generated by the elements 5* and T, we only need explicit matrix representations 
of both S and T as follows 

5(1°) = S{1 + ) = S(l~) = 1 

T(l°) = 1 , T(1 + ) = cj, T(1~) = cj 2 

S(2°) = S(2 + ) = 5(2-) = JVi 

T(2°) = u;jV 2 , T(2+) = cu 2 iV 2 , T(2 
/ -1 2cj 2cj 2 N 



5(3) 



2cu 2 -1 2cu 
2uj 2uo 2 -1 



T(3) 



= N 2 

( 1 N 

w 
^0 uj 2 J 



where uj = e l2w ^ 3 , and the matrices iVi and N? are defined as 



12 



I -v^e-fr /12 





1 



(A3) 



(A4) 



APPENDIX B: HIGHER ORDER CORRECTIONS TO THE VACUUM ALIGN- 
MENT 

We will discuss how the vacuum alignment achieved at the leading order is modified by 
the inclusion of higher dimensional operators, then the superpotential w v is modified into 



w v = w L v ° + w? L 



(Bl) 



where is the leading order contributions 

Wv° = 9i{<Pt<M>) + 92{<Pt<Pt)A + 93(<P R <P)X + 9^T<p R & + <7sxV + ffexW 
+g 7 X R ^TfT) + gse" R 6" 2 + g 9 9" R 9' X + gi e" R (<f T cp T )' + M A A R A + g u A R x 2 
+g 12 A R 6'9" + g 13 A R {cp T cp T ) + M A A R A + g u A R A 2 + g 15 (<p§<p 8 <ps) + 9u{<Ps<Ps)£ 
+gn$ R (<Ps<fs) + gist R e + gi9t R tt + gat*? (B2) 
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The above leading order superpotential gives rise to the following vacuum configuration 



(<pr) = (vt, 0, 0), (tp s ) = (vs, v s , v s ), (<p) = (vx, 0), 

= (8 = 0, (0")=ul 
(A) = u A , (A) = u A , ( X ) 



(B3) 



The effect of the next to leading order superpotential w^ L on the above SUSY conserving 
vacuum configuration is just a shift in the VEVs of the scalar fields, therefore the vacuum 
configuration is modified into 

(<pr) = (v T + 6vn, 5v T2 , 5v T3 ), (<p s ) = (v s + Sv si , v s + Sv S2 , v s + 6v 33 ), 
((f)) = ( Vl + Svi, Sv 2 ), (0 = (|) = 5u^ (&) = u' e + 6u' e , 
(9") = u'g + 5u'g, (A) = ua + Sua, (A) = ua + <5«a, (x) 



(B4) 



and w^ L is given by 

14 



w 



NL 



t E W T + i(Aof + E W + E c,o{ + E w A ) + ± E diOf 

A i=l A i=l i=\ i=l A i=l 



where Of, Of etc are operators linear in the driving fields ip R and <p R et al., which are 
consistent with the symmetry of the model, and each operator comprises 4 or 5 superfields. 
Since the next to leading order operators linear in (p R and £ R are of order 1/A 3 , therefore 
the shifts Svsi{i = 1,2,3) and 5u^ are suppressed by 1/A 3 , and these operators are omitted 
in the w^ L above. The operators Of (i = 1 — 14) and Of are given by 



o\ = 


(<P$<pt){<Pt<Pt), 


ol = 


{(Pt(Pt)'{<Pt<Pt)", 


ol = 




o T A = 


((^t 1 Pt)ss( 1 Pt^t)3 s 


ol = 


((tPT<PT)aA(<PT<PT)&a) 


, ol = 


(<Pt<Pt<Pt)x> 


oj = 


(ip R <p T ip T )"e', 


o T - 

U'g — 


{ip R ip T ip T )'B\ 


Ug — 




^10 — 




w u — 










{^ T )'X0\ 


*^14 ~~ 





(B5) 



Of 



0)AA 2 



(B6) 
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The structures Of(i = 1 — 8) are explicitly written as follows 



Of = x*AA 2 x , 
O* = X R *(<Ps<Ps)£, 



x = x r a ^2^ 



0\ = X R A(<Ps<Ps<Ps), 
Ol = X *A(<^s)£~ 

01 = x R Aei 

Ol = x *Ae 



(B7) 



The operators involving 9" R and A R are 



0{- 


= 9" R 9'AA 2 , 


o{- 


= 9" R A(<f S <fs<fsY, 


ol- 


= 9" R A{ VSVs y^ 


o{-- 


= 9" R A{^s)'l 


of 


= A R AA 2 x, 


of 


= A R A(if S ^s ( Ps), 


o£ 


= A R A{<p s <p s )£, 


of 


= A R A{<p s <p s )i, 


of 


= A R Ae, 


o A 


= A R Aei 


of 


= A R A£i 2 , 


o A 


= A R Ai 3 



(B8) 



(B9) 



and the operators Of (i = 1 — 4) are given by 

Of = A R A(^ T ), 



Of = A*A X 2 , 



Of = A R A9'9", 



Oi 



A R ((^ T #), 



(BIO) 



We perform the same minimization procedure as that in section V, again we search for the 
zero of the F terms associated with the driving fields, Only terms linear in the shift 5v are 
kept, and terms of order Sv/A are neglected, then the minimization equations become 



2ig 1 v 1 5v 1 + g 2 u A 5v T1 + g 2 v T 8u A + ^{hv^ + t;Uvt + ^t 6 u x v T + t 9 u 2 + t 10 u' e UQ 

A y o 







'1 - i)givi5v 2 + g 2 u A Sv T 3 + ^-(-tsu'gV T + t 13 UgU x + t 14 uf) 







g 2 u A 5v T2 + *j-(~t7u' e v T + t u u' g u x + t l2 uf) 







(93U X + 9±v T )$v 2 



i)94ViSv T3 = 



fi 

gtViSvn - -^u A u 2 A V! = 
geUgSu'g + g%u' e bu e + 2g 7 v T 5v T i 



«A 
A 2 



(kiu 2 A u x + 3k 3 u^v | + fc5«|) = 



u A 



2g 8 u'g6u'g + g 9 u x 5u' e + 2g 10 v T 5v T2 + ^-(c 1 n' e n A + 3c 3 u^v s ) = 
M A 5u A + gi 2 u' e 5ug + g 12 u'g5u' g + 2g 13 v T 5v T1 + ^{diu A u x + 3d 3 u i v 2 s + d 5 uf) = 

M A 5u A + 2gi A u A 5u A + -^-(JiMa^t + d2U A u 2 x + d 3 u A u e u e + id 4 v 2 v T ) = 



(Bll) 
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Solving the above linear equations, then the shifts of the VEVs are 
fx u A u\ 



81 ' 



Tl 



94 A 2 



5v T2 = -^{^t 7 u' d v T + t n u' e u x + t 12 uf) 

g 2 u A A 3 

5V T3 = - — — I-j- (-t S UgV T + t 13 UgU x + t 1A Ug) 



(1 — i)vi 2 .. „ /2 

0V 2 = -^{-hUgVT + t 13 U e U x + t u U 9 ) 

kg 2 u A A 3 

K = 3^tA ( 5 i7 " W + + tl2 " :;2) + ° ( ^> 

r 2(g 7 g 12 - g 6 g 13 )f 1 u A u 2 A v T g 12 u A 2 2 3 

= — l^ + ^A7^ M A% + 3^ + ^) 

~ M A A 2 (^^a^x + 3rf 3^4 + 

5u A = - -} - (diU A v^ + d 2 u A u\ + d 3 u A u' e u' e ' + id 4 v 2 v T ) + C(-^r) (B12) 
MaA a A z 

where the contributions of order 1/A 2 in 5^1, <5ug, 5ug and 5ma, which are not written out 

explicitly, are also higher order in A relative to the leading contributions suppressed by 1/A. 

Since Svti and 8u A are of order 1/A 2 , terms of the same order should not be omitted in the 

relevant minimization equations, then Svti is modified into 

f\u A u\ v T ,2 / , //2w 2 , // , . // 

1 = ^I^V 2 2g 2 u 2 A 2 (3 7UeVT + + *i2% Xt^s^t + ti 3 n e n x 

+ti4% 2 ) (B13) 
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